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1 Realizations of Partial Differential Operators

1.1 Maximal and minimal realizations

Last time, we considered the unbounded operator 7' = —A on L?(R™) with D(T) =
C§°(R™). We saw that T = —A with domain D(T) = H*(R") = {u € L? : Au € L?}.

Example 1.1. Let 2 C R” be open, and let P = P(z, D,) be a linear partial differential
operator with C*° coefficients:

1
P = Z aq(z)D?, aq € C*°,D,, = Ea‘”"

J
|la|<m

The operator Py on L?(Q) with D(Py) = C§°(f2) is densely defined and closable: if

up, € C5°(2) with uy, L—2> 0 and Pu, L—2> v, then v = 0. The closure of Pg, denoted by
Prin, is called the minimal realization of Py with domain D(Pyi,) = {u € L? : Ju, €
C° s.t. up — u, Puy, conv. in L?}.

If u € D(Puin), then Pu € L?(f2), where Pu is defined in the sense of distributions. So
D(Puin) € {u € L? : Pu € L?}. We also introduce the maximal realization P, of Pq,
given by D(Ppax) = {u € L? : Pu € L?} with Ppaxu = Pu for all u € D(Ppax). We get
Po C Puin € Phax, meaning D(PQ) - D(Pmm) c D(Pmax) and Ppax = Pnin on D(Pmin)-
Both P, and P.x are closed.

1.2 Realizations of order 1 partial differential operators with smooth
coefficients

Proposition 1.1. Let P = Y, ax(x)Dy, + b(x) be an operator of order 1 on R™ with
ar,b € C®°(R")NL>®(R") and Vay € L>*. Then the minimal and the maximal realizations
of P agree: D(Ppin) = D(Pmax)-

Proof. Let uw € D(Ppax). We have to show that u € D(Pyy); that is, we show there

2 2
exists a sequence u, € C§°(R") such that w, L, u and Pu, L—> Pu. Notice first that if



2
x € C°(R™) with x = 1 near 0 and x;(z) = x(jz) for j = 1,2,..., then x;u L . We
may write P(x;u) = x;Pu + [P, x;]u. The first term goes to Pu in L?, and

n

P.x;] = (Pox; — x;P)u = Zam);wmx)(xm L 0.
k=1

Thus, when proving that u € D(Puyin) can be approximated by C§° functions, we may
assume that u has compact support.
Regularize u: Let 0 < ¢ € CP(R") with [ = 1, let ¢.(z) = Lp(z/e), and let

Jeu = (u* @) (x) € C°(R™). Then J; L Compute:
P(I.u) = J.Pu+ [P, J:)u

Since Pu is compactly supported and in L2, the first term goes to Pu in L?. Let’s get rid
of the b term: ,
[b, JeJu = b(Jow) — J-(bu) <5 0.
SN—— =
—bu bu

Since [P, J;] = Y lag Dy, , J:] + [b, J:] it now suffices to show that [axDs,, JeJu — 0 in L?
for all u € L2. This is Friedrich’s lemma. O

Lemma 1.1 (Friedrich’s lemma). Let u € L2(R") and a; € C§°(R™). Then

[ax Dy, , Je]u L—2> 0.
Proof. Observe first that if v € C§°(R™), then
l[ax Dy, , Jelu = ap Dy, (Jeu) — J(ag Dy, w)

Since ap Dz, u € CF°, the second term goes to a;Dg, u in L?. The first term also goes to
ayDy,u in L?. So this goes to 0.

It only remains to show that ||[ayDg,, JeJu|lp2 < C|lul|z2 for 0 < e <1 and u € CF°.
Compute

We(z) = [ag Dy, Je|u(z)
= a; Dy, u(@/)%@ (x — y) - /ak(az —y) Dy u(x — y)inso (g) dy

9

- / ax(@)ule — ey)

™ | =

=—1/eDy,; (u(z—cy))

Integrate by parts in the second integral.

— [a@ut@ - ) 2(D0)0) - [ anle - eypule - ) D

2



So we get
(We(2)] < Calul * ¢
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